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A NOTE ON HOMOLOGICALLY SMOOTH CONNECTED
COCHAIN DG ALGEBRAS
X.-F. MAO AND J.-F.XIE
Abstract. In this paper, we obtain two interesting results on homologically
smooth connected cochain DG algebras. More precisely, we show that any
Koszul DG module in Dfg(A) is compact, when A is a homologically smooth
connected cochain DG algebra with a Noetherian cohomology graded algebra
H(A). And we prove that the homologically smoothness of A is equivalent to
Dfg(A) = D
c(A),
if A is a Koszul connected cochain DG algebra such that H(A) is a Noetherian
graded algebra with a balanced dualizing complex.
introduction
Throughout this paper, k is a algebraically closed field with chark = 0, and A
is a connected cochain DG algebra over k. One sees that its cohomology graded
algebra
H(A) =
+∞⊕
i=0
ker(∂iA)
im(∂i−1A )
is a connected graded algebra. For any cocycle element z ∈ ker(∂iA), we write ⌈z⌉
as the cohomology class in H(A) represented by z. We assume that the reader is
familiar with basics on DG homological algebra. If this is not the case, we refer to
[AFH, FJ2, MW1, MW2] for more details on them.
The derived category of DG A-modules is denoted by D(A). A DG A-moduleM
is called cohomologically finitely generated if H(M) is a finitely generated H(A)-
module. The full triangulated subcategory of D(A) consisting of cohomologically
finitely generated DG A-modules is denoted by Dfg(A). Similarly, a DG A-module
M is called cohomologically locally finite if each Hi(M) is finite dimensional. The
full subcategory of D(A) consisting of cohomologically locally finite DG A-modules
is denoted by Dlf(A). Let D
+(A), D−(A) and Db(A) be the full subcategories of
D(A), whose objects are cohomologically bounded below, cohomologically bounded
above and cohomologically bounded, respectively.
According to the definition of compact objects (cf. [Kr1, Kr2]) in a triangulated
category with arbitrary coproduct, a DG A-module is called compact, if the functor
HomD(A)(M,−) preserves all coproducts in D(A). Since A is an augmented DG
algebra, a DG A-module M is compact, if and only if it is in the smallest thick
subcategory of D(A) containing AA (cf. [Kel, Theorem 5.3]). To use the language
of topologists, a DG A-module is compact if it can be built finitely from AA, using
suspensions and distinguished triangles. The full subcategory of D(A) consisting of
compact DG A-modules is denoted by Dc(A). Compact DG modules play the same
role as finitely presented modules of finite projective dimension do in ring theory
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(cf. [Jor2]). By [MW1, Proposition 3.3], a DG A-module M is compact if and only
if M has a minimal semi-free resolution FM , which has a finite semi-basis.
One sees easily that any compact DG A-module is a cohomologically finitely
generated A-module. However, the converse is generally not true. For example, if
A is not homologically smooth then Ak is not compact while k ∈ Dfg(A). Recall
that a connected cochain DG algebra A is homologically smooth if AeA is compact,
which is equivalent to k ∈ Dc(A) (cf. [MW3, Corollary 2.7]). Let A be a con-
nected cochain DG algebra such that H(A) is a Noetherian graded algebra with
gl.dimH(A) < ∞. Then by the existence of Eilenberg-Moore resolution, one sees
that any cohomologically finitely generated DG A-module is compact, which im-
plies that A is homologically smooth. And [MW2, Example 3.12] indicates that
there are homologically smooth connected cochain DG algebras whose cohomology
graded algebras are Noetherian graded algebras with infinite global dimension. So
the homologically smoothness of A is weaker than gl.dimH(A) <∞ when H(A) is
Noetherian. It is natural to ask the following question.
Question 0.1. Assume that A is a homologically smooth connected cochain DG
algebra such that H(A) is Noetherian. Is any cohomologically finitely generated
DG A-module compact ?
In DG context, the homologically smoothness of DG algebras is analogous to the
regular property of graded algebras. The research on this fundamental property of
DG algebras have attracted many people’s interests. In [HW1], He-Wu introduced
the concept of Koszul DG algebras, and obtained a DG version of the Koszul dual-
ity for Koszul, homologically smooth and Gorenstein DG algebras. The author and
Wu [MW2] proved that any homologically smooth connected cochain DG algebra
A is cohomologically unbounded unless A is quasi-isomorphic to the simple algebra
k. And it was proved that the Ext-algebra of a homologically smooth DG algebra
A is Frobenius if and only if both Dblf(A) and D
b
lf(A
op) admit Auslander-Reiten
triangles. In [Sh], Shklyarov developed a Riemann-Roch Theorem for homologi-
cally smooth DG algebras. Besides these, some important classes of DG algebras
are homologically smooth. For example, Calabi-Yau DG algebras introduced by
Ginzburg in [Gin] are homologically smooth by definition. Especially, non-trivial
Noetherian DG down-up algebras and DG polynomial algebras are Calabi-Yau DG
algebras by [MHLX] and [MGYC], respectively.
The importance of homologically smooth DG algebras motivates us to consider
Question 0.1. In this paper, we partially solve it by the following interesting results
(see Theorem 3.1).
Theorem A. Let A be a homologically smooth connected cochain DG algebra
such that H(A) is Noetherian. Then any Koszul DG module in Dfg(A) is compact.
Here, a DG A-moduleM is called Koszul if it has a semi-free resolution P , which
has a semi-basis concentrated in a single degree. If Ak is a Koszul DG module, then
we say A is a Koszul DG algebra.
Remark 0.2. Note that the definition of Koszul DG modules is different from
[HW2, Definition 2.1] and [Jor3, Definition 5.3] since the single degree here can be
non-zero. By the definition, one sees that any Koszul DG A-module is an object
in D+(A). Suppose that M is a Koszul DG A-module in D+(A). Then by [MW1,
Proposition 2.4], one sees that M admits a minimal semi-free resolution FM , which
has a semi-basis concentrated in degree inf{i|Hi(M) 6= 0}. Hence our definition of
Koszul DG algebras coincides with those of He-Wu and Jørgensen in [HW1] and
[Jor3], respectively.
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In [Jor3], Jørgensen developed a duality between Dfg(A) and Dfg(A
op). Under
the additional condition that H(A) admits a balanced dualizing complex, he ob-
tained some interesting results on the Ext and Castelnuovo-Mumford regularities
of DG modules in Dfg(A) (see [Jor3, Theorem 5.7]). Inspired from [Jor3], we prove
the following theorem (see Theorem 3.4).
Theorem B. Let A be a Koszul connected cochain DG algebra such that H(A)
is a Noetherian graded algebra with a balanced dualizing complex. Then A is
homologically smooth if and only if Dc(A) = Dfg(A).
In the last section, we give Example 4.1 and Example 4.2 to explain that there are
Koszul, homologically smooth connected cochain DG algebras whose cohomology
graded algebras are Noetherian graded algebras with balanced dualizing complexes
and infinite global dimension. We can apply Theorem B to them. While the DG
algebra in Example 4.3 is a non-Koszul homologically smooth DG algebra. So we
can only apply Theorem A to it.
1. Ext and Castelnuovo-Mumford regularities of DG modules
In this section, we review the Ext and Castelnuovo-Mumford regularities of DG
modules. These two invariants of DG modules were introduced and studied in
[Jor3]. We recall some interesting results, which will be used in our paper.
Definition 1.1. [Jor3]For any M ∈ D(A), we define the Ext-regularity of M by
Ext.regM = − inf{i|Hi(RHomA(M,k)) 6= 0},
and similarly for M ∈ D(Aop). Note that Ext.reg(0) = −∞.
Let A be a homologically smooth connected cochain DG algebra. Then both Ak
and kA are compact. Let K and L be minimal semi-free resolutions of Ak and kA,
respectively. We have 〈K〉 = 〈Ak〉 and 〈L〉 = 〈kA〉 in D(A). In this case, we have
[Jor3, Setup 4.1].
Set N = 〈Ak〉⊥ = 〈AK〉⊥ in D(A), and define the torsion and the complete DG
modules by Dtors(A) = ⊥N ,Dcomp(A) = N⊥. Then
Dtors(A) = 〈Ak〉 = 〈AK〉.
Let E = HomA(K,K) be the endomorphism DG algebra. The DG module K
acquires the structure A,EK while K
∗ = HomA(K,A) has the structure K
∗
A,E .
Define functors
T (−) = − L⊗EK,
R(−) = HomA(K,−) ≃ K
∗ L⊗A−,
C(−) = RHomEop(K
∗,−),
which form adjoint pairs (T,R) and (R,C) between D(Eop) and D(A). There are
pairs of quasi-inverse equivalences of categories as follows
Dcomp(A)
R //
D(Eop)
C
oo
T //
Dtors(A)
R
oo .
In particular, RC and RT are equivalent to the identity functor on D(Eop) , so if
we set
Γ = TR,Λ = CR,
then we get endofunctors of D(A) which form an adjoint pair (Γ,Λ) and satisfy
Γ2 ≃ Γ,Λ2 ≃ Λ,ΓΛ ≃ Γ,ΛΓ ≃ Λ.
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These functors are adjoints of inclusions as follows, where left-adjoint are displayed
above right-adjoints
Dcomp(A)
inc //
D(A)
Λ
oo
Γ //
Dtors(A)
inc
oo .
Write F = K∗L ⊗E K and D = F∨ = Homk(F,k). One sees that F and D have
the structures AFA and ADA, respectively. From the definitions, we have
Γ(−) = F L⊗A − and Λ(−) = RHomA(F,−).
Definition 1.2. [Jor3, Definition 5.1]For M ∈ D(A), we define the Castelnuovo-
Mumford regularity of M by
CMregM = sup{i|Hi(Γ(M)) 6= 0}.
Note that CMreg(0) = −∞.
Lemma 1.3. [Jor3, Proposition 5.6]Let A be a homologically smooth connected
cochain DG algebra. If M is an object in D+(A). Then
(1) CMregM 6= −∞.
(2) Ext.regM ≤ CMregM + Ext.regk.
(3) CMregM ≤ Ext.regM +CMregA.
Lemma 1.4. [Jor3, (5.3)] Let A be a homologically smooth connected cochain DG
algebra such that H(A) is Noetherian with a balanced dualizing complex. Then for
any non-zero object in Df (A), we have −∞ < CMregM < +∞.
Lemma 1.5. [Jor3, Theorem 5.7]Assume that A is a homologically smooth con-
nected cochain DG algebra such that H(A) is Noetherian with a balanced dualizing
complex. Let M be a non-zero object in Dfg(A).
(1) If Ext.regk <∞, then Ext.regM <∞.
(2) If A is a Koszul DG algebra and CMregM ≤ t for some t, then M≥t is a
Koszul DG module.
2. dg free class of semi-free DG modules
The terminology ‘class’ in group theory is used to measure the shortest length
of a filtration with sub-quotients of certain type. Carlsson [Car] introduced ‘free
class’ for solvable free differential graded modules over a graded polynomial ring. In
[ABI], Avramov, Buchweitz and Iyengar introduced free class, projective class and
flat class for differential modules over a commutative ring. Inspired from them, the
author and Wu [MW3] introduced the the DG free class for semi-free DG modules.
Definition 2.1. [MW3]Let F be a semi-free DG A-module. A semi-free filtration
of F
0 = F (−1) ⊆ F (0) ⊆ · · · ⊆ F (n) ⊆ · · ·
is called strictly increasing, if F (i − 1) 6= F (i) when F (i − 1) 6= F, i ≥ 0. If there
is some n such that F (n) = F and F (n − 1) 6= F , then we say that this strictly
increasing semi-free filtration has length n. If no such integer exists, then we say
the length is +∞.
Definition 2.2. [MW3]Let F be a semi-free DG A-module. The DG free class of
F is defined to be the number
inf{n ∈ N ∪ {0} |F admits a strictly increasing semi-free filtration of length n}.
We denote it as DGfree classAF .
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Definition 2.3. [MW3]LetM be a DG A-module. The cone length ofM is defined
to be the number
clAM = inf{DGfree classAF |F
≃
→M is a semi-free resolution of M}.
Cone length of a DG A-module plays a similar role in DG homological algebra
as projective dimension of a module over a ring does in classic homological ring
theory (cf. [MW3]).
Remark 2.4. Note that clAM may be +∞. We call this invariant ‘cone length’
because semi-free DG A-modules can be constructed by iterative cone constructions
from DG free A-modules (see [MW3, Lemma 4.1]) and any DG A-module admits a
semi-free resolution. For any compact DG A-module M , it admits a minimal semi-
free resolution FM , which has a finite semi-basis. We have DGfree classAFM <∞
and then clAM <∞.
By [MW1, Proposition 2.4], any object M ∈ Dfg(A) admits a minimal semi-free
resolution FM . A natural question is whether clAM = DGfree.classAFM . One will
see that this question is closely related to Question 0.1 from the proof of Theorem
3.1. Actually, if
clAM = DGfree.classAFM , ∀M ∈ Dfg(A),
then one has Dfg(A) = D
c(A), when A is a homologically smooth connected cochain
DG algebra and H(A) is Noetherian. By [MW3, Proposition 3.6], we have clAM =
DGfree.classAFM whenM admits a minimal Eilenberg-Moore resolution. However,
we are unable to prove this in general. In spite of this, we do make some progress
concerning Question 0.1 by Theorem A and Theorem B. In order to prove these
two theorems, we need to make the following preparations.
Lemma 2.5. [AFH, §12, Theorem 3.2] Let F be a semi-free DG A-module such
that H(F ) is bounded below. Then there is a minimal semi-free resolution G of
F and a homotopically trivial DG A-module Q such that F ∼= G ⊕ Q as a DG
A-module.
Lemma 2.6. [AFH, §8, Corollary 4.3] Let f : F → F ′ be a morphism between
two semi-free DG A-modules. Then f is a quasi-isomorphism if and only if it is a
homotopy equivalence.
Proposition 2.7. Let A be a connected DG algebra such that clAeA < +∞. Then
for any DG A-module M , we have clAM ≤ clAeA < +∞. Morever, if A is ho-
mologically smooth and M is an object in D+(A), then M admits a bounded below
semi-free resolution F such that inf{i|F i 6= 0} = inf{i|Hi(M) 6= 0} and
DGfree classAF ≤ DGfree classAeP,
where P is a minimal semi-free resolution of AeA.
Proof. Let clAeA = n. By the definition of cone length, the DG A
e-module A
admits a semi-free resolution X such that DGfree classAeX = n. This implies that
X admits a strictly increasing semi-free filtration
0 ⊂ X(0) ⊂ X(1) ⊂ · · · ⊂ X(n) = X,
where X(0) = Ae ⊗ V (0) and each X(i)/X(i − 1) ∼= Ae ⊗ V (i) is a DG free Ae-
module. Let Ei = {eij |j ∈ Ii}, i ≥ 0, be a basis of V (i). For any i ≥ 1, define
fi : A
e⊗Σ−1V (i)→ X(i−1) such that fi(Σ−1eij ) = ∂X(i)(eij ). By [MW3, Lemma
4.1], X(i) ∼= cone(fi), i = 1, 2, · · · , n.
For any DG A-module M , let ̺M : FM → M be a semi-free resolution of M .
As a DG A-module, X(i) ⊗A FM ∼= cone(fi ⊗A idFM ), i = 1, 2, · · · , n. Since
Ae ⊗A FM ∼= A⊗ FM , we have
(Ae ⊗ V (i))⊗A FM ∼= A⊗ V (i)⊗ FM , i = 0, 1, · · · , n.
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Choose a subset {m} ⊆ FM such that each m is a cocycle and {⌈m⌉} is a basis of
the k-vector space H(FM ). Define a DG morphism
φi : A⊗ V (i)⊗H(FM )→ A⊗ V (i)⊗ FM
such that φi(a⊗ v⊗ ⌈m⌉) = a⊗ v⊗m, for any a ∈ A, v ∈ V (i) and ⌈m⌉. It is easy
to check that φi is a quasi-isomorphism.
In the following, we prove inductively that clA(X(i)⊗A FM ) ≤ i, i = 0, 1, · · · , n.
Since φ0 : A ⊗ V (0) ⊗ H(FM ) → X(0) ⊗A FM is a quasi-isomorphism, we have
clA(X(0)⊗A FM ) = 0. Suppose inductively that we have proved that
clA(X(l)⊗A FM ) ≤ l, l ≥ 0.
We should prove clA(X(l+1)⊗AFM ) ≤ l+1. Since clA(X(l)⊗AFM ) ≤ l, there is a
semi-free resolution ϕl : Fl
≃
→ X(l)⊗A FM such that DGfree classAFl ≤ l. Because
A⊗ Σ−1V (l + 1)⊗H(FM ) is semi-free, there is a DG morphism
ψl : A⊗ Σ
−1V (l + 1)⊗H(FM )→ Fl
such that ϕl ◦ ψl ∼ (fl ⊗A idFM ) ◦ Σ
−1(φl+1).
For convenience, we write Q(l+1) = A⊗V (l+1) andK(l+1) = Ae⊗V (l+1). In
D(A), there is a morphism hl+1 : cone(ψl)→ X(l+1)⊗A FM making the diagram
Σ−1Q(l + 1)⊗H(FM )
ψl //
Σ−1(φl+1)

Fl
ϕl

τl // cone(ψl)
∃hl+1

εl // Q(l + 1) ⊗
k
H(FM )
φl+1

Σ−1K(l + 1) ⊗A FM
fl⊗AidFM // X(l)⊗A FM
ιl // X(l + 1)⊗A FM
pil // K(l + 1) ⊗A FM
commute. By five-lemma, hl+1 is an isomorphism in D(A). This implies that there
are quasi-isomorphisms g : Y → cone(ψl) and t : Y → X(l+ 1)⊗A FM , where Y is
some DG A-module. Hence clA(X(l + 1)⊗A FM ) = clAY = clAcone(ψl) ≤ l + 1.
We have proved inductively that clA(X ⊗A FM ) ≤ n. Since FM ≃ X ⊗A FM , we
get clAM ≤ n.
Now, assume that A is homologically smooth and M is an object in D+(A). Let
α : P → AeA be a minimal semi-free resolution and b = inf{i|Hi(M) 6= 0}. By
[MW1, Proposition 2.4], we have inf{i|P i 6= 0} = 0 and we may assume that ̺M
mentioned above is a minimal semi-free resolution of M . Since AeA is compact, P
admits a finite semi-basis. So DGfree classAeP is finite. Let DGfree classAeP = t.
Then P admits a strictly increasing semi-free filtration
0 ⊂ P (0) ⊂ P (1) ⊂ · · · ⊂ P (t) = P,
where P (0) = Ae ⊗W (0) and each P (i)/P (i− 1) ∼= Ae ⊗W (i), i ≥ 1, is a DG free
Ae-module. Let Λi = {λij |j ∈ Ji}, i ≥ 0, be a basis of W (i). For any i ≥ 1, define
gi : A
e ⊗
k
Σ−1W (i) → P (i − 1) such that gi(Σ−1λij ) = ∂P (i)(λij ). By [MW3,
Lemma 4.1], P (i) ∼= cone(gi), i = 1, 2, · · · , t. As a DG A-module, P (i) ⊗A FM ∼=
cone(gi ⊗A idFM ), i = 1, 2, · · · , t. Define a DG morphism
ηi : A⊗W (i)⊗H(FM )→ A⊗W (i)⊗ FM
such that ηi(a⊗ v ⊗ ⌈m⌉) = a⊗ v ⊗m, for any a ∈ A, v ∈ V (i) and ⌈m⌉. It is easy
to check that ηi is a quasi-isomorphism. Since P (0)⊗A FM = A⊗W (i)⊗ FM and
η0 : A⊗W (0)⊗H(FM )→ A⊗W (0)⊗ FM is a semi-free resolution with
DGfree classAA⊗W (0)⊗H(FM ) = 0.
Let G0 = A ⊗W (0) ⊗ H(FM ). Then inf{j|Gi0 6= 0} = b. We assume inductively
that P (i) ⊗A FM admits a semi-free resolution ωi : Gi → P (i) ⊗A FM with b =
inf{j|Gji 6= 0} and DGfree classAGi ≤ i when i ≤ r < t. We want to show that
P (r + 1)⊗A FM admits a semi-free resolution Gr+1 with b = inf{j|G
j
r+1 6= 0} and
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DGfree classAGr+1 ≤ r + 1. Since A ⊗ Σ−1W (r + 1)⊗H(FM ) is semi-free, there
is a DG morphism
βr : A⊗ Σ
−1W (r + 1)⊗H(FM )→ Gr
such that ωr ◦ βr ∼ (gr ⊗A idFM ) ◦ Σ
−1(ηr+1). Let R(l + 1) = A ⊗W (l + 1) and
T (l+ 1) = Ae ⊗W (l + 1). In D(A), there is a morphism
θr+1 : cone(βr)→ P (r + 1)⊗A FM
making the diagram
Σ−1R(r + 1) ⊗H(FM )
βr //
Σ−1(ηr+1)

Gr
ωr

νr // cone(βr)
∃θr+1

γr // R(r + 1)⊗H(FM )
ηr+1

Σ−1T (r + 1)⊗A FM
gr⊗AidFM // P (r)⊗A FM
ιr // P (r + 1)⊗A FM
pir // T (r + 1) ⊗A FM
commute. By five-lemma, θr+1 is an isomorphism in D(A). This implies that there
are quasi-isomorphisms ρ : Z → cone(βr) and χ : Z → P (r+1)⊗A FM , where Z is
some DG A-module. It is easy to see that inf{i|cone(βr)i 6= 0} = b. So Z ∈ D+(A)
and Z has a minimal semi-free resolution ξ : FZ → Z by [MW1, Proposition 2.6].
Since ρ ◦ ξ : FZ → cone(βr) is a quasi-isomorphism between semi-free DG modules,
ρ ◦ ξ is a homotopy equivalence by Lemma 2.6. Let σ : cone(βr) → FZ be its
homotopy inverse. Then
χ ◦ ξ ◦ σ : cone(βr)→ P (r + 1)⊗A FM
is a quasi-isomorphism and it is a semi-free resolution of P (r + 1) ⊗A FM . Let
Gr+1 = cone(βr). Since DGfree classAGr ≤ r by the induction hypothesis, we have
DGfree classAGr+1 ≤ r+1. By the induction above, P (t)⊗AFM admits a semi-free
resolution
θt : F = Gt → P (t)⊗A FM
such that inf{i|F i 6= 0} = b and DGfree classAF ≤ t. Since the composition
P (t)⊗A FM
α⊗idFM→ AeA⊗A FM
̺M→ M
is a quasi-isomorphism, F is a semi-free resolution of M . 
Proposition 2.8. Let A be a homologically smooth connected cochain DG algebra.
Then any Koszul DG module M admits a minimal semi-free resolution FM with
DGfree classAFM ≤ DGfree classAeP <∞,
where P is a minimal semi-free resolution of AeA.
Proof. By Proposition 2.7, M has a bounded below semi-free resolution F such
that inf{i|F i 6= 0} = inf{i|Hi(M) 6= 0} = b and
DGfree classAF ≤ DGfree classAeP <∞,
where P is a minimal semi-free resolution of AeA. By the proof of Proposition 2.7,
one sees that F is not minimal in general. Since M is Koszul, it admits a minimal
semi-free resolution FM , which has a semi-basis concentrated in degree b by Remark
0.2. We have F ∼= FM ⊕Q by Lemma 2.5, where Q is a homotopically trivial DG
A-module. Let L = FM ⊕ Q and DGfree classAF = t. Then DGfree classAL = t
and inf{i|Li 6= 0} = b. So L admits a semi-free filtration
0 = L(−1) ⊂ L(0) ⊂ L(1) ⊂ · · · ⊂ L(t) = L.
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Then L admits a semi-basis E =
t⊔
i=0
Ei such that ∂L(Ei) ⊆ A(
i−1⊔
j=0
Ej) for any
i ∈ {1, 2, · · · , t}. Let
Ei = {eλ|λ ∈ Ii}, Vi =
⊕
e∈Ei
ke and V =
t⊕
i=0
Vi.
Then L# = A# ⊗ V . Since L# = F#M ⊕ Q
# is a bounded below free graded A#-
module, Q# is a bounded below projective graded A#-module. So Q# is a free
graded A#-module. We may assume that F#M = A
#⊗W and Q# = A#⊗U . Then
A#⊗V = (A#⊗W )⊕ (A#⊗U). We have V b =W ⊕U b by considering the degree.
Let V bi = V
b
⋂
Vi, i = 0, 1, · · · , t. Then
t⋃
i=0
V bi =
t⋃
i=0
(V b
⋂
Vi) = V
b
⋂
(
t⋃
i=0
Vi) = V
b.
Let Ibi ⊂ Ii such that E
b
i = {eλ|λ ∈ I
b
i } is a basis of V
b
i . For any λ ∈ I
b
i , there
are ωλ ∈ W and uλ ∈ U b such that eλ = ωλ + uλ. Then for any λ ∈ Ibi , we have
∂L(eλ) ∈ L(i− 1)b+1 and hence
∂FM (ωλ) + ∂Q(uλ) = ∂L(eλ) =
i−1∑
j=0
∑
λ∈Ibj
aλeλ + χλ
=
i−1∑
j=0
∑
λ∈Ibj
aλωλ +
i−1∑
j=0
∑
λ∈Ibj
aλuλ + χλ,
where aλ ∈ A1 and χλ ∈ (A# ⊗ V ≥b+1)
⋂
L(i− 1)b+1. One sees that χλ ∈ Q since
W is concentrated in degree b. Hence
∂FM (ωλ) =
i−1∑
j=0
∑
λ∈Ibj
aλωλ(1)
and
∂Q(uλ) =
i−1∑
j=0
∑
λ∈Ibj
aλuλ + χλ.
Let W≤j =
j∑
i=0
∑
λ∈Ibi
kωλ, j = 0, 1, · · · t. By (1), each A ⊗W≤j is a DG submodule
of FM and
0 ⊆ A⊗W0 ⊆ A⊗W≤1 ⊆ · · · ⊆ A⊗W≤t = FM
is a semi-free filtration of FM . Therefore, DGfree.classAFM ≤ t.

3. two main theorems
In this section, we present the main results of this paper. Applying Proposition
2.8, we can prove the following theorem, which partially solves Question 0.1.
Theorem 3.1. Let A be a homologically smooth connected cochain DG algebra such
that H(A) is Noetherian. Then any Koszul DG module in Dfg(A) is compact.
Proof. By Proposition 2.8, M admits a minimal semi-free resolution FM such that
DGfree classAFM ≤ DGfree classAeP <∞,
where P is a minimal semi-free resolution of AeA. Let DGfree classAFM = t. Then
there is a semi-free filtration
0 = FM (−1) ⊂ FM (0) ⊂ FM (1) ⊂ · · · ⊂ FM (t) = FM
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of FM . Each FM (i)/FM (i − 1) = A ⊗ Wi is a DG free A-module on a cocycle
basis, i = 0, 1, · · · , t. We should prove that each Wi is finite dimensional. Let
{ei,j|j ∈ Ii} be a basis of Wi, i = 0, 1, · · · , t. Let ι0 : FM (0) → FM be the
inclusion map. Since imH(ι0) is a graded H(A)-submodule of H(FM ) and H(A)
is Noetherian, imH(ι0) ∼=
H(FM (0))
kerH(ι0)
is also a finitely generated H(A)-module. Let
imH(ι0) = H(A)f0,1+H(A)f0,2+ · · ·+H(A)f0,n. Since H(FM (0)) ∼=
⊕
j∈I0
H(A)e0,j
is a free graded H(A)-module, there is a finite subset J0 = {i1, i2, · · · , il} of I0 such
that
f0,s =
l∑
t=1
aste0,it , s = 1, 2, · · · , n,
where each ast ∈ H(A). If V (0) is infinite dimensional, then both I0 and I0 \ J0
are infinite sets. Hence for any j ∈ I0 \ J0, we have e0,j ∈ kerH(ι0). Since
[ι0(e0,j)] = [e0,j ] = 0 in H(FM ), there exists x0,j ∈ FM such that ∂FM (x0,j) = e0,j .
This contradicts with the minimality of FM . Thus W0 is finite dimensional and
FM (0) ∈ Dfg(A).
Suppose inductively that we have proved that W0, · · · ,Wi−1 are finite dimen-
sional. Then each FM (j)/FM (j − 1), (j = 0, 1, · · · , i − 1) is an object in Dfg(A).
And we can prove inductively that each FM (j), (j = 0, 1, · · · , i− 1) is in Dfg(A) by
the following sequence of short exact sequences
0 −→ FM (j − 1) −→ FM (j) −→ FM (j)/FM (j − 1) −→ 0, j = 1, · · · , i− 1.
Similarly, FM/FM (i− 1) is also an object in Dfg(A) by the short exact sequence
0 −→ FM (i− 1) −→ FM −→ FM/FM (i− 1) −→ 0.
On the other hand, it is easy to see that FM/FM (i− 1) is also a minimal semi-free
DG A-module and it has a semi-free filtration
FM (i)/FM (i−1) ⊆ FM (i+1)/FM(i−1) ⊆ · · · ⊆ FM (n)/FM (i−1) = FM/FM (i−1).
Let ιi : FM (i)/FM (i − 1) → FM/FM (i − 1) be the inclusion morphism. Since
imH(ιi) is a graded H(A)-submodule of H(FM/FM (i − 1)) and H(A) is Noether-
ian, imH(ιi) ∼=
H(FM (i)/FM (i−1))
kerH(ιi)
is also a finitely generated H(A)-module. Let
imH(ιi) = H(A)fi,1 +H(A)fi,2 + · · ·+H(A)fi,m. Since
H(FM (i)/FM (i− 1)) ∼=
⊕
j∈Ii
H(A)ei,j
is a free graded H(A)-module, there is a finite subset Ji = {s1, s2, · · · , sr} of Ii
such that
fi,l =
r∑
t=1
al,tei,st , l = 1, 2, · · · ,m,
where each alt ∈ H(A). If Wi is an infinite dimensional space, then both Ii and
Ii \ Ji are infinite sets. Hence for any j ∈ Ii \ Ji, we have ei,j ∈ kerH(ιi). Since
[ιi(ei,j)] = [ei,j] = 0 in H(FM/FM (i − 1)), there exist xi,j ∈ FM/FM (i − 1) such
that ∂FM (xi,j) = ei,j . This contradict with the minimality of FM . ThusWi is finite
dimensional.
By the induction above, we prove that each Wi, (i = 0, 1, · · · , n) is finite dimen-
sional. Hence FM has a finite semi-basis and M is compact.

Proposition 3.1 partially solves Question 0.1, since we add Koszul condition
on DG modules in Dfg(A). Inspired from [Jor3, Theorem 5.7], we pass on the
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Koszul condition to homologically smooth DG algebras. We want to show that
Dfg(A) = D
c(A) when A is a Koszul homologically smooth DG algebra such that
H(A) is Noetherian and admits a balanced dualizing complex. We need first to
prove the following lemma and propostion.
Lemma 3.2. Let A be a connected cochain DG algebra. Assume that F
k
is a
minimal semi-free resolution of kA. If M is a bounded below DG A-module such
that F
k
⊗A M is quasi-trivial, then M is quasi-trivial.
Proof. IfM is not quasi-trivial, then there is b ∈ Z such that b = inf{i|Hi(M) 6= 0}.
By [MW1, Proposition 2.4], M admits a minimal semi-free resolution FM with
F#M
∼=
∐
i≥b Σ
−i(A#)(Λ
i) each Λi is an index set. Then
H(F
k
⊗A M) = H(k
L⊗AM) = H(k⊗A FM ) =
∐
i≥b
Σ−i(k)(Λ
i) 6= 0.
This contradicts with the condition that F
k
⊗A M is quasi-trivial. Hence M is
quasi-trivial. 
Proposition 3.3. Let A be a Koszul and homologically smooth connected cochain
DG algebra such that H(A) is a Noetherian graded algebra with a balanced dualizing
complex. Then any non-zero object in Dfg(A) is compact.
Proof. Since A is a non-zero object in Dfg(A), we have −∞ < CMregA < ∞ by
Lemma 1.4. For any non-zero object M ∈ Dfg(A), we have
CMregM ≤ Ext.regM +CMregA
by Lemma 1.3. By the assumption that A is Koszul, we have Ext.regAk = 0 <∞
and then Ext.regM <∞ by Lemma 1.5. Hence CMregM is finite and CMregM ≤ t
for some t. By Lemma 1.5, M≥t is a Koszul DG module.
For any i ∈ Z, the k-vector space M i can be decomposed as Bi ⊕ Hi ⊕ Ci
with Bi ⊕ Hi = Ker ∂iM , C
i
∼=
→ Bi+1 = Im ∂iM and H
i ∼= Hi(M). We get a DG
A-submodule
τ≥iM : · · · → 0→ Hi ⊕ Ci
∂iM→ M i+1
∂i+1
M→ M i+2
∂i+2
M→ · · ·
of M . We have
Hj(τ≥iM) =
{
0, j < i
Hj(M), j ≥ i.
Hence H(τ≥uM) is a graded H(A)-submodule of H(M). Since M ∈ Dfg(A) and
H(A) is a Noetherian graded algebra, H(τ≥uM) is a finitely generated graded
H(A)-module. So τ≥iM ∈ Dfg(A). Let b = inf{i|Hi(M) 6= 0}. We claim that
there exist some i ≥ b such that τ≥iM is a quasi-trivial DG A-module or a compact
DG A-module.
If Ht(M≥t) = 0, then there exists u > t such that M≥t has a minimal semi-free
resolution G, which has a semi-basis concentrated in degree u. Then
τ≥uM : · · · → 0→ Hu ⊕ Cu
∂uM→ Mu+1
∂u+1
M→ Mu+2
∂u+2
M→ · · ·
is quasi-isomorphic to M≥t. So τ≥uM is also a Koszul DG A-module and then
τ≥uM is compact by Proposition 3.1.
If Ht(M≥t) = ker(∂tM ) 6= 0, then M
≥t has a minimal semi-free resolution FM≥t ,
which admits a semi-basis concentrated in degree t. We have the following short
exact sequence
0→ τ≥tM
ι
→M≥t
π
→ Σ−tBt → 0.(2)
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Let F
k
be the minimal semi-free resolution of kA. Since A is Koszul, Fk admits a
semi-basis concentrated in degree 0. Acting on (2) by F
k
⊗A − gives a new short
exact sequence
0→ F
k
⊗A τ
≥tM
F
k
⊗Aι→ F
k
⊗A M
≥t Fk⊗Aπ→ F
k
⊗A Σ
−tBt → 0.
It induces a long exact sequence of cohomologies
· · ·
δi−1
→ Hi(F
k
⊗A τ
≥tM)
Hi(F
k
⊗Aι)
→ Hi(F
k
⊗A M
≥t)
Hi(F
k
⊗Aπ)
→
Hi(F
k
⊗A Σ
−tBt)
δi
→ Hi+1(F
k
⊗A τ
≥tM)
Hi+1(F
k
⊗Aι)
→ · · · .
By the minimality of F
k
and FM≥t , we have
H(F
k
⊗A M
≥t) = H(k L⊗AM
≥t) = H(k⊗AFM≥t) = k⊗A FM≥t
and
H(F
k
⊗A Σ
−tBt) = Σ−t(F
k
⊗A B
t).
Hence Hi(F
k
⊗AM
≥t) = 0 and Hi(F
k
⊗AΣ
−tBt) = 0 when i 6= t. By the definition
of connecting homomorphism, it is easy for one to check that δt = 0. Therefore,
Hi(F
k
⊗A τ≥tM) = 0, for any i 6= t. If Ht(Fk ⊗A τ≥tM) = 0, then Fk ⊗A τ≥tM
is quasi-trivial and hence τ≥tM is a quasi-trivial DG A-module by Lemma 3.2. So
τ≥tM is a zero object in DC(A). If Ht(F
k
⊗A τ≥tM) 6= 0, then
H(k L⊗Aτ
≥tM) = H(F
k
⊗A τ
≥tM)
is concentrated in degree t. Hence τ≥tM is a Koszul DG A-module. Then τ≥tM
is a compact DG A-module by Proposition 3.1.
We have proved the claim that there is some i ≥ b such that τ≥iM is a quasi-
trivial DG A-module or a compact DG A-module. On the other hand, the quotient
DG A-module M/τ≥iM is
· · ·
∂i−3
M→ M i−2
∂i−2
M→ M i−1
∂i−1
M→ Bi → 0.
So we have
Hj(M/τ≥iM) =


0, if j < b,
Hj(M), if b ≤ j ≤ i− 1,
0, if j ≥ i.
SinceM is an object in Df (A) and H(A) is a Noetherian connected graded algebra,
we have dim
k
Hj(M) < ∞. So M/τ≥iM is an object in Dblf(A). By [MW2,
Proposition 7.3], M/τ≥iM is a compact DG A-module. The short exact sequence
0→ τ≥iM →M →M/τ≥iM → 0
implies that M is a compact DG A-module. 
Both Example 4.1 in the last section and [MW2, Example 3.12] show that the
condition that H(A) is a left Noetherian graded algebra with finite global dimension
is much stronger than the condition that A is homologically smooth. A natural
question is whether Dfg(A) = D
c(A) is still right under the latter weaker condition.
We have the following theorem.
Theorem 3.4. Let A be a Koszul connected cochain DG algebra such that H(A)
is a Noetherian graded algebra with a balanced dualizing complex. Then A is homo-
logically smooth if and only if Dc(A) = Dfg(A).
12 X.-F. MAO AND J.-F.XIE
Proof. Obviously, Ak is an object in Dfg(A). Hence A is homologically smooth
if Dc(A) = Dfg(A). Conversely, if A is homologically smooth, then any object in
Dfg(A) is compact by Proposition 3.3. On the other hand, any compact DG A-
module M admits a minimal semi-free resolution FM , which has a finite semi-free
basis. So FM has a semi-free filtration
0 = FM (−1) ⊂ FM (0) ⊂ FM (1) ⊂ · · · ⊂ FM (t) = FM ,
where each FM (i)/FM (i − 1) = A ⊗ Vi is a DG free A-module with dimk Vi < ∞.
We have a sequence of short exact sequences of DG A-modules
(3) 0→ FM (i − 1)→ FM (i)→ FM (i)/FM (i− 1)→ 0, i = 1, 2, · · · , t.
By (3), we can inductively show that each FM (i) is an object in Dfg(A). Hence
M ∈ Dfg(A) and Dc(A) = Dfg(A). 
4. A counter example
Suppose that A is a connected cochain DG algebra such that H(A) is a left
Noetherian graded algebra. By the existence of Eilenberg-moore resolution, any
object in Dfg(A) is compact if gl.dimH(A) < ∞. A natural question is whether
the converse is right. In this section, we give counter examples to show that it is
generally not true.
Example 4.1. Let A be a connected DG algebra such that A# = k〈x, y〉/(xy+ yx)
with |x| = |y| = 1 and its differential ∂A is defined by ∂A(x) = y2 and ∂A(y) = 0.
By [MW2, Example 3.12], A is a Koszul and homologically smooth DG algebra
with
H(A) ∼= k[⌈x⌉2, ⌈y⌉]/(⌈y⌉2).
Since H(A) is a Noetherian and Gorenstein graded algebra, H(A) has a balanced
dualizing complex. By Theorem 3.4, we have Dfg(A) = D
c(A) while gl.dimH(A) =
+∞.
Example 4.2. Let A be the connected cochain DG algebra such that
A# = k〈x, y〉/
(
x2y − (ξ − 1)xyx− ξyx2
xy2 − (ξ − 1)yxy − ξy2x
)
is the graded down-up algebra generated by degree 1 elements x, y, and its differential
∂A is defined by ∂A(x) = y
2 and ∂A(y) = 0, where ξ is a fixed primitive cubic root
of unity.
By [MHLX, Proposition 6.1], A is a Koszul Calabi-Yau DG algebra. So A is a
Koszul homologically smooth DG algebra. And we have
H(A) =
k〈⌈xy + yx⌉, ⌈y⌉〉(
ξ⌈y⌉⌈xy + yx⌉ − ⌈xy + yx⌉⌈y⌉
⌈y2⌉
)
by [MHLX, Proposition 5.5]. So H(A) is Noetherian and has a balanced dualizing
complex since it is a Gorenstein graded algebra. By Theorem 3.4, we have Dfg(A) =
Dc(A) while gl.dimH(A) = +∞.
Example 4.3. Let A be the connected cochain DG algebra such that
A# = k〈x, y〉/
(
x2y − yx2
xy2 − y2x
)
is the graded down-up algebra generated by degree 1 elements x, y, and its differential
∂A is defined by ∂A(x) = y
2 and ∂A(y) = 0.
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By [MHLX, Proposition 6.9], A is a non-Koszul Calabi-Yau DG algebra. So A
is a homologically smooth DG algebra. And we have
H(A) = k[⌈x2⌉, ⌈y⌉, ⌈xy + yx⌉]/(⌈y⌉2)
by [MHLX, Proposition 5.7]. So H(A) is Noetherian and has a balanced dualizing
complex since it is a Gorenstein graded algebra. By Theorem 3.1, any Koszul DG
module in Dfg(A) is compact. However, we are unable to judge whether Dfg(A) =
Dc(A) since A is not a Koszul DG algebra.
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